A
O Unit - VIII :

L

Difference Equations & Z-transforms
Introduction

We have earlier discussed (Unit-V1) finite differences and some related topics. We
introduce Difference Equations based on the concept of finite differences, whose
general / complete solution can be obtained in 2 manner analogous to the method of
solving linear differential equations with constant coefficients.

We discuss Z-fransforms in detail and also the solution of difference equations using
Z-transforms.

Difference Equations

Recalling the basic definition of finite (forward) difference of f(x)
Af(x}=f(x+h)—f(x],wehaveingeneral

AY, = Yuse1 Yn
Further, A> y,=A(AY )=y, 5~ 2y, ty, et
Suppose that,

Ay, =1 {say), A” y,+ay, = 0 (say)
we obtain equations of the form

Uy ¥y =L Vg2 Yy =0

In fact, these type of equations are referred to as Difference Equations.

Definition : A Difference Equation is a relationship between the differences of an
unknown function (dependent variable y) at several values of the independent variable.
(argument x)

Difference Fquations are also called Recurrence relations

An equation of the form,

LR N R LT A '”+a2yn+2+a1yn+]+a0yn=¢(n)
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where n take the values 0, 1,2, 3, .. . and a,, a, -8, are all constants is called a

linear difference equation of order r. l

In other words we can say that a difference equation is a relationship interms of the
values y__, Ypir_1r Yus1r Yy
Finding the sequence y, constitutes a solution of the difference equation.

It may be noted that the general solution of a differnce equation contains arbitrary
constants equal to the order of the difference equation. (Analogous to O.D.E)

We proceed to discuss Z-transforms.

Z-transforms
Introduction

We are acquainted with Laplace transforms and Fourier transforms whose basic
definition is in the form of a definite integral in which the integrand is involved with
two parameters. The resulting integral whenever it exists will be a function of a single
parameter.

Z - transforms operates on the sequences of functions of a single variable defined for
non negative integral values of the variable. This transform has number of properties
similar to that of Laplace transforms.

Difference equations arises in situations with the data consisting of only a set of values
of an unknown function (discrete values). Just as Laplace transforms and Fourier
transforms serves as a tool to solve some types of ordinary and partial differential
equations, Z transforms serves as a tool to solve difference equations.

Z - transforms play an important role in the analysis and representations of discrete
time linear shift invariant systems. It has applications in control systemn of engineering
and also in some advanced statistical problems.

Definition
If u, = f(n) defined forall # =0, 1, 2, 3, ... and u,= 0for n < 0 then the
Z-transform of 1 denotedby Z_(u ) is defined by

Ze(u )=y u z" A1)
n=0
Whenever the series on the RH.S of (1) converges it will be a function of z and we write,
ZT(uH)zﬂ(z} . (2)
Further (2) can be written in the equivalent form
Zi ()] = u, . (3)

This is called the Inverse Z-transform.
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Note : Notation 7 ( U, Y, Z -1 [1(z) 1 is also used.

Notation Uz} for u(z) is also used.

d - : e
Property: Z. ( Wy = -z k-1 ) where k is a positive integer.

s ZT(n

Proof: Consider R.H.S

: d k-1 Skt
Thatis, -~z i ZT(II )=-z5 %Y n z

k-1 1

(-n)z "

H

¥ on* 2" =7 (n*) = LHS
]

W=

Z - transform of some standard functions

1L Z, (K 2 Zp(1) 3. Z,(n) 4. Z (") 5 Z(n)

L Bythedefinition, Z (k") = ¥ K'27" = ¥ (k/z)

et
no=10 o= ()

= 1+(k/2)+ (k2 + o

2

The series on the RH.S is a geometric series of the form 147 +r°+ - - - whose sum to

infinity is 1/1 -r where r = k/=

1
A _ L
ZT”\ ) = 1-(k/z)
" n 4
Thus ZT(k ) = P

2. Putting k = 1 in the previous result we have k" = 1

Z

Thus Z,(1) = 9

Remark : The result can easily be established independently also.
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Results (3), (4), (5) are established by using the property
d _
ZT(Hk) = —Z _d_Z ZT(nk 1)
We obtain the required Z-transforms by taking k =1, k=2, k=3

_ _ 4 0o,_.__ 4
3. When k=1, ZT(H)——Z 1 ZT(n y=-z i ZT(I)

: 4z v _ f(z=1) -z

d
2
4. When k=2, Z (n") =~z i

d :
Le., Z.(n)=-z7: ;
T d@{(z_l)zJ

[(z-1f—z-2(z—1ﬁ

Zy(n)

:_Zl (z-1)* |
==-z(z—-1) {%_T._l_zj}= *Z(—z—31)
(z-1) (z—1)

z(z41) _ L4z
(z-1°  (z-1)

Thus ZT(nz) =

[(z=1%(2241)-(FP+2) - 3(2-1))]

= =7 w (2_1)6
—_—-—Z(Z_l)2.(Z_l)(22+1}t_3_,(.%3_t..z_.),
(z-1)°
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—z(-P-4z-1) P44z

Z.(n’) =
Tt (z-1)* (z-1)*
Thus Z( 3)=;3i:z
{(z-1)

Linearity property

Statement : If u_and v, beany two discrete valued functions then
Zo(equ,+eyv ) = ¢y Zp(u, )+ 0y Ly (0,) where ¢, c, areconstants.
Proof : We have by the definition,

1"

ZT(C1 un+czvn) = Y (c1 un+czvn)z
n o0

-n -n
= )
- > ou z +Cy h v, 2
n=0n n==0

Damping rule (property)
Statement : If Z (u,) = u(z) then

W) Zp(K'u ) =1u(z'k) (i) ZT(k_”un) = u(kz)

Proof : (i) Z,(K'u,)= % (K'u )z "
n =0

= g w, (z7ky " = u(zk)
0

Thus ZT(kﬂun) = u(z'k)

G)  Z (k") =
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Some applications of damping rule

We have already obtained Zp(n), Zpd "), Z i) and we can obtain 7 ( K,

Zo(K'n?), 7 (k') by using damping rule.

G Z (K'n)=iZ_(n) whete Z.(n) = 5 ;
! : T )lz—a(:/k) Tl (z-1)
(z/k)
A (k"n)z__... ______
T (2/k—1)
Thus  Zp (K'u,) = — "
" (z-k)
2 22+"
(ii) We have Zy(n) = ____“‘_‘_
(z-1)

, e 2k ) +( 2k
Z.( K'nty = : Zo(n) . (k)

iz (2k) (2/k-1)°
Thus Z, (H‘nz) - kﬁ_kz_sz
(z-k)
3 2,
i) Wehave z () = 25425
(z-1)
Z . (Kndy =1z (#%), _ (z7k) +4_<z/k)4+(~/k}
l fz— (z/K) (Z/k—l)
Thus ZT (k"nz) . k;iﬂ‘z_}:"‘?z
(z-k)

List of standard Z - transforms

< z
1L ZT(l):z—l 2 z,r(k“)zz__k
kz
3. Z(n)y=—"- 4. Z.(K'n)=—"%.
T (2 1) pKH) (2 k)
2, 2 -
5 ZT(n2 :—Z——+“§ 6. Z?(k" 2):ki_"_'.,k._23‘
{(z-1) (z=k)
3+ 47’ B2 3
T+ +z 3 kzm+4kc 2+ k7 2
7. Zp(wd) = =2 8. Z.(K'n?) =
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Shifting rule (property)
1. Right shifting rule

IfZ {(u,) = w(z) then Zo(u, )= R 1(z) where k > 0

Proof : By the definition,

-, _ = R
“/f{ ”u—k) = 2 My g =
nos 1l

Since i, = 0 for »# <0 in the general context, we have w,_, =0 for
n=012 ---(k-1)

_ . Lo h
Z'I‘(”u—k) =Y, .z

no=k
_ K —lk+1) —k+2y
—”04 +“]‘n_ +H2;. +
— -3
=z k(HU+I£.]Z 1er,,: “+ )
=K Sou T =z “uiz
wo= N
Thus Z, . (u ) =k u(z)
T k
2. Left shifting rule
N S VR R S ~(k=1)]
Z,I,‘(n””}-/_ {u(h) =) 2 My T My 1% J
or
k{" £l “|
- - -
Z.;-.(u?Hk):z wiz)y— % nu x|
. _ - ik . —iHtk)
Proof : Z, (u, )= ¥ u, o =t E‘ Ho T
FINES Y Ho— Al
, _ ok .y —{k+1) —{k+2)
ie., Lo, )=z {ukz i 2 iy 2 + J
_ ok 1 -2 (k1) K 1y,
=z [(1{0+ul/_ tUyZ w2 tu oz Ttu gz +
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=0

Thus — Zp(u, p) = zk[;(z)‘ﬂo—ul z_1~uzz"2—..._uk_lz”(k-l}}

Note : Some particular cases.

ZT (u””) =z [E(z)—uo]

. -1
ZT(un+2)=z [u(z%uo—u]z }

315 1 -2
ZT(u”+3):z [u(z]+u0—u14 iy Z } etc.

WORKED PROBLEMS
1. Find the Z - transforms of the following .

G) ear G e %" p i) e 7" n?

>> (i) e " = (e ) = k" (say) wherek = ¢ *

z
Wehave,ZT(k") b
Thus Z (¢ )= =
us r(e ) = e
z-e
(i) WehaveZ (n)= —"—
(z-1)
" .z (z/k)
£y (K n)_{ ~—1)2} T (2k=-1)
< z—={z/k)
kz
e,  Z.(K'n)=-
T (z-k)
Taking k = ¢ * we obtain,
—d
Z (e n)y= -2
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2

(iii) Wehave Z_( ny = _Z__.f_%
(z—1)
Z (K'n?) = ;_Eiiji_{ _ (2/k )+ (2/k)
! ?(2_1)3‘_%{2}%) (z/k—l)3

k22 +1° 2 _ kz(z+k)
(z-k)  (z-k)?

Taking & = ¢ we obtain

ie,  Z (K'n’)=

—a —-a
_ 4 z{izt+e
ann2) ( . )

Z (e

T

2. Obtain the Z - transform of cosn 8 and sinn 0. Hence deduce Z-transforms of the
following.

@ K'cosn® Gi) K'sinnd @i e Mcosnd (iv) ¢ "sinnd

8

>> We know that ¢'"" = cosn@+isinn

We canwrite ¢"® = (¢%)" = k" where k = ¢

z ) ;
We have Z,. (k") = p— k being ¢'°

k

0
in@y _ z z(z-¢ ")

Z. (¢

T Z_e:e (Z_e—:e)(z~e:e)

~z[z-(cosB-isinB)]

zz—z(i?ie+€-i9)+1

7z [{(z-cosB)+isinf ]

22—22c059+1

z [(z—cosﬂ)+isin8]

ie., Zy{cos nB+i1sinnb) = 7 :
z°-2zcosB+1

z(z— 8 ) inod
or ZT(cosnB)+iZT(sinnG)= #Q_S__)_ +i| 5 s
z-2zcos8+1 Z-—2zcosB+1

Equating the real and imaginary parts we get
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z(z-cosB)

Z (cosnQ) = -
r Zz—2:c058+1
z sin 6
Z. (Sinﬂ 9) = =
T :’:2—~2zc059+1

Now, suppose Z.T (cosnB) = w{:)1& ZT( sinir ) = 7 (z) thenbydampingrule,
ZT(J\J" cosn @) =di(z/k) and Z,(K'sinn®) =7(z/k)

2Kz k- cos @
ZT( k” cos 11 0 ) [ _..__i_ ,) ;\) (-.._.__ ___E“_‘)b J_ o
(z7ky -2 z/k - cosO+1

z(z—kcos9)

Thus Z (K'cosnb) = - e )
T - 2kzcos0+ K
¥k oosin 0
Also Z, (K'sinn@) = - = S S
(z7k )y =2 - z/k « cosB+1
kzsi ..
Thus Z (K'sinn8) = s (i)

2 -2kzcos+ K
By taking &k = ¢~ ®in (i) and (i) we obtain the required results (iii) and (iv) as follows,

— il
5 _ z{z—e¢ "cos®
Ar(e ""cosnﬁ)z 2 (_ )...2" - (i)
=2 YzcosB+e

¢ Tzsin@

3. Find the Z - transfornt of ( cos 0 +isin )’

»>> We know that cos 6+ jsin# = ¢

. o ‘
(cosB+isin®)" = (V)" = K (say) where k = ¢/Y

We have Z'." (k”) = Ti_;{
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4. Find the 7 - transform of (n+1)°
>> 7, [(:z+1)2}=ZT(n2+2n+1)

It

Z () +2Z(n)+Z (1)

22+2 z z
= _'%+2 ——2-+
(z=1Y) (z—1) z-1
_Peze2z(z-1)+z(z-1)
(z-1)°
2+
Thus Z.,. (1":+1)2 - = &
T[ ] (2:~-1)3

5. Obtain the Z - transform of coshn 8 and sinhn 8.

1 _ i -
>> coshn@ = 3 (e”g+€ ”0) =5 "‘((-’e}n+(€ e)nll

1 -
ie., coshn® = ) ]l p"+q"  (say) wherep = ¢ and g=e 4

Now Z, (coshn@) = ZT(p”}+ZT(t}”)}

. _—
td
| |
s
¥
| | re
-
—

2z-~2cosho |
_ TatRRY
22— 27 cosh 0+ 1 i
z(z—cosh0)
2 -2zcosh® +1

Thus  Z,( coshnd) =
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Zy(sinhn@)

1

b i
——t—
t

i ‘._..
S

Py

|
N

|
™ ""
T
—

— |
Z—¢ e—Z_+E-’B '

z| |
- 2122—2zcosh8+1‘

Lz (-t
2 2 2scoshB+1
F4 2sinh8

2 2 9ic0shB+1

zsinh®
22—22cosh9+1

Thus Z,(sinhnB) =

6. Obtain the Z-transform of wu, ., wu,__, from the basic definition. Also give the
Z-transform of u, .

S

> ZT(un+l)= 2 Hov1” =< %

no=

-n
un+lz

-{(n+1)

il

< % ”n+lz

N
18]
—
o~
=
[
+
e
iy
I
|
—_
+
=
3
]

Thus ZT(unH):z[E(z)—uﬂ] )

— - _ il -
Next ZT(un+2)" ZU Huvo 2 -z % 22 Up 2%
o=
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Z

- —(n+21
(M, 40) =7 X Hyyn? (
0

=22<(u0+u]z_1+uzz_2+u3z_3+---)—ug—u]z*]}
= { ): u”z_”—uo—ulz_l}
Thus ZT(un+2)—zz[E(z) Hy— iy 2 1] Q)
Similarly Z..(u, ,63) =2 [E( o) - uo—ulz_l—uzz_z} (3
In gereral we can write,
- k-1
ZT(”n+k)*ZkJ:”(Z)“” - U ]—uzz 2_ U _1% ( ]J

7. Starting from the definition of the Z -transform find the Z-transform of 1.

>> By the definition Z(u,) = 3 u,z "

n=1_{
“ o=
Z(y=% z7=2%7
1] 0 Z
1 1 . o
=1+ + 22 3 -1sage0metr1c 5eries.
H Z (1) = —— z
enee 1-(1/z)  z-1
Z
Thus  Z (1) =
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8. Find the Z-transform of 2 n+sin{(nw/4)+1

>> Let u, =2n+sin(nn/4)+1

Z(u )= ZZT(n)+ZT[sin(nn/4)}+ZT(l)

2z
Le., Zo(u_ )= —

We shall find Zy [ sin(nn/4) J

+ Zp[sin(nna)y ]+ =T Y

We have ¢ "™4 cos(nn/4)+isin(nn/4)

But e:’nnz’-ﬂ _ (eimf4 )n = (say) where k = t,r' 4

We know that Z_ (k") = Z
T z—k

inm/ay _ z

ZT(E )_Z_einM

, z
6., zZ /4 )+ 1 si /4y | = ——- _ _—
he T[cos(nn/-l) isin{nn )] z-icos(m/4)+isin(n/4);

'

L
V2 2
L), i
z “ \!E \[5
ZT[cos(nn/4)+isin(nﬂ/4)]: ' |2 1"_
4]
- "*—-—1— —i—L
R V2
ZT[cos(nn/4)+isin(nn/4)J=“ ..“22—\Ez+1

Equating the imaginary parts on both sides we get,
_ /N2 z

Z i /4 [ R
T[sm(nn )] N N T

We substitute thisresultin {(1).
2z z z

(z~1) ¥ \E(zz:\ffz+1-)_ i1

Thus Z(u ) =



Z-TRANSFORMS 429

2. 3.2
9. Using ZT(HE) =L-+-33 show that ZT[(;Hl)zJ: z +23
{z-1Y (z—1)
" -
>> Letu = n* and we have Zo(u) =2 (n°) =u(z)
Consider the property Z..( Mo ) =2 [E(z)-uojg (D
Since u, = ”2’ My = (H+1)2 and uy = 0. Hence (1} becomes
)
T4z
Z. | (n+1)? :z[---- —---——0}
omr]=e] 2o,
2+

1 _ s : |1 1
10. Show that Z, { P J =e""" Hence find Z; t m:land Zr [ ey ]

>> By the definition,

v o - - -3
,=1]_ 1 1 2 z’
ZTLE;_]EU P T T Y EA
P .
But €r=1+1—xT+;+-r—f +--- and here we have x = 7 |
| I L Ve
Thus ZT['”_!}"‘? = e
We have the properties,
ZT,(HHI):z[E(z)—uO] (D)
zT(u,Hz)=z{ﬂ(z)—uo~ulz‘1] (@)
.
1 _
Let . ZT(un)zu(z):evz
1 1
Also uuzb—-izl and u1=-—!=l

Thus by using these results in (1) and (2) we obtain,

Zr [(1 n] =z [ #-1]
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11. Find the Z - transform of cos (n /2 + n/4)

>> Let u, = cos(nm/2+n/4)
= cos(nmn/2)cos(n/4)-sin{nn/2)sin(n/4)
ie, u = —\[15 [cos(nn/Z)-sin(nn/Z)]
1 .
ZT(un)=\—E—JzTcos(nn/z)-szm(nn/z)J )

. - n .
Consider ¢ {"%2) - ((’1 nxz) = k" (say) where k = ¢/ ™?

We know that Z( Ky = —%.. and hence we have,

z—k

Z nns2 _ ___Z‘_____ —- . Z . = Z

T(e ) —¢™2 z—cos(n/2)—isin(n/2) z-i

7 (efnn/z) _ Z(Z+f) _ Zz+fZ

T (z—-i)(z+1) 3249

7 z
ie., ZT[cos(nn/Z)+fsin(n1r/2)}=Z7:1 + .f'22+1
2 z
= ZT[COS(HJI/Q)]='Z'§? and ZT[sin(an)]:;m
We substitute these results in (1).
1 | 2 z 1 z{z—-1}

Thus Z_ . (u )=—F - = -

T \E[zzwﬂl 22+1J V2 (£ +1)
Note and Remember :

2
. z z

Z, [sin(nn/2)] = 2211 and Z; [cos (nn/2)] = Z—l
12. Find the Z - transform of sin (3n +5)
>> Let u, = sin(3n+5}) = sin3n cos 5+ cos 3n sin5

Zr(u ) = COS5ZT(Sin3?1)+SiI‘ISZT(C053H) o AD

Consider ¢/ (") = (&%) = ¢ (s7y) wherek = ¢

We know that Z (k') = —
T z-k
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, ; z z
f-f’-, ZT (83 t ?l) - . B -
z—p3 (z-c0s3)—isin3

_z[{z-cos3)+isin3 ]

(z—cosi-}}2 +sin” 3

f.t’., ZT(COS3n+isin3n):;(27_COS3)..+I; : zsin 3
z°-2zcos3+1 7 -2zcos3+1
= Zr(cos3n)= 2(z-cos3) and Z, (sin3n)=— 2sin3

22—2zc053+1 z-—2zcos3+1

Substituting these results in (1) we get,

Zy(u,) = cos5- zsin3 +sin5 - ,E‘?_(_ﬁ___ggﬁ_?l_). -
z--2zcos3+1 z¢=2zcos3+1

z(sin 3 cos 5~ cos 3sin5) + 2° sin 5
2 -2zc0s3+1

_ z(-sin2}+z°sin5

z2—22c053+1

_ z(zsin5-sin2)
Z-22¢083+1

13, Find the Z -transform of cosh (n /2 +9)

»>> Let u, = cosh(nmn/2+6) = % [g(”“/z*'@) + e—(nmw)}

. _ l 6 nn/2 -0 —nn/2
i.e., Hn—z[f' 4 + ¢ [5 ]
1 - —nn/
ZT(un)zi[eezT(e”“”z)ﬂ ezT(e’”‘Z)] (1)
z

We have ZT(k") P

Taking k = % and ¢ ™2 we have

Z

Z —
T((,H T[/’Z) - ___Tt__ and ZT (e nﬂ/‘Z) - =
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Hence (1) becomes,

1] ¢ z 9 z
ZT ( un) = 5 {C :_{, /2 te 2_-_£’_ /2
e LT e
TR R G S |
2| Z-z(e" e My 41 |
_z[2zcosh®-2cosh(n/2-8)
2_ zz—2zcosh(n/2)+1

Thus  Z,(u )=Ez_.‘?°5h9-zcosh(n/2—e)
" 22—2zcosh(n/2)+1

14. Provethat Zo (¢ ""u ) = u (" 2) given that Zetu )y = u(z)
>> By the definition

- —an _ - —an - _ = A0 _=H
Zr(e M) =3 ¢ M,z —%L:”(.{. ) Uz
=0

= i un(fﬂz)_” =u(z)
]
Thus  Zp(e “"u ) = u(ez)

Note : 1. This result can be deduced from the damping rule by taking k = ¢
2. This result is also referred to as the exponential shifting rule.

2z
15, Ifu” = (1/2)", show Hut Zylu ) = 271 from the definition.
>> By the definition Z,, | (1/2)" | = ¥ (1/2)" ™"
) (}

e, 2 [(12) = ¥ (22) "= 1a (225 Ty (22 2 (22) 4

0
=1+ (1/22) + (/22)2 + (1/22) +--.

The series in R.H.S being a geometric series we have,
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1 2z
7 12V | = ——-—- - naml
T [( ) 1 1-(1/2z)  2z-1
2z
Thus  Z, [(1/2)")] = ——:
us Zp V2V =57
16. Find the Z-transfornt of the it step sequence 1 (1) = { [1} ’ ;: 00

e

> ZT[IJ[H)]= o)z

n=u

H

I

T+(1/z)+(1/z )2 +{1/z )3 + .-+, is a geometric series.

’ b=
Zy Tw(myl = 1-(1/2y  =z-1

Thus Zplu(n)l = W
Z_

. L 1
17. Find the Z-transform of the unit impulse sequence 8 (1) = {

Yy o d(n)z "

-

>>  Zo[d(n)]

S§(0)2+8(1) =" 482y %+

]

1+0+0+--- =1

_______________________________________________

18. If ZT(“n) = ;(z), show that ZT(n u,) = —A-—;[E(z}]

>> Zp(nu )= EU (nu, ).z "

n=

=-z ¥ ~nu z
n=_

n-1
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= d
-7 Z M”%(Z H)

n=10)

Ze{nu )

I | _
-z ZD Hz(uﬂz ”)

ED

4 -n_ 4o
-z EU u,z = zdz[u(z)]

d - d
Thus Z (nu, ) = —zd—z[u(z)] = _ZZZ[ZT(”:«)]

Remark : In general we can show that

k
a4 - .
Z: | n* u, 1= (-1 2K p: [u(z)] wherekis a positive integer.

19. Find the Z-transform of n cos n 6

>> Let u, = cosn @

Z(z-cosB})

We know that ZT(MH):ZT(cose)z =;(z)

22—22c059+1

We also have the property.

Zr{nu ) = —z%[ﬂ(z)]

d i 2_ ) |
Hence, ZT(”C05”9)=—zd— 75—z cos |
Z ZZ—ZZCOSB'+]J;

(-22 cosB+1) (22-cos8) - (2 —zcos0) (22-2cos8)
(22—22c038+1)2 J

ie., =—z{

o -z 223—422(:0528+2z—22c058+2zc0828—c058
(,22—2zcosﬂ+1):2 —(223—222cose—222c036+22c0520)

—Z

:—( 7, -e+1)2(2z—22c058—c058)
z° -2z cos

2 cos 6 8-2
Thus Zy(ncosnB) = cos T zcos 222
(22—ch059+])
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20. Find ZT{ ! }

n+l
1 - 1 _
> Z — | = - f
z T{n+1} HZU M+1Z
P SIS N R R
1+22 ez T, T
T2z 3,2 g8
or Z 1 =z 1+ 1,1 4. ..
T n+l z 222 323 1.
2 x3 x4
We have log(l+x) = x__2__+_§-f+'
2 3 4
X x x
log(l—x)_—x—2_3_4_
2 3 4
¥ x x
or —log(l—x)—x+2+3+4+...

By taking x = 1/z we have,

1
~10g(1—z)=

1
—+ e I
z 272 37 47t
or -lo (z—] —l+—-]'---+ -1---+-—1——+-~
g\ = z 272 37 47
z 1 1 1 1
or lo : -Wz o e T R .. {2)

21. Find Zy {(n+1) (n+2)_;

1
(n+l1)(n+2)

o4 _ o1
(n+1)(n+2) n+1 n+2’

>> Let u =
n

by partial fractions.
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1 1
Now, Z = ( ol ISR B
ow, Zp(u,) ZILn+1J T{n+2‘ (1)
B = 1 1 )
b, Zy| =2 —
" ’[11+1[ Og(z-—i) @
[ Refer Problem-20]
1 [
Next, Z =Y -5 z"
X TL?I+2J Z_Un+2
_ 1zt a2
23 4
o I S R S N R |
ie., T as [T273% 7% where x =270 = 2
IR N
ISR R Rl
1
= 5 —log (1-x)—x [ Refer Problem-20 |
X

e log (1—%—)—2

R 2 z-1 .
zr{n+2}_ z bg( . J 2 . 3)
Using (2) and (3) in (1) we have,

-

ZT(”nJ = zlog (--——]+2210g {Z'_'—]+z

[a—y

Z._

ie., Zo(u,) = zlog [ —Z—f

1 z
Th V4 = = “—li1-z!
us Tl:(n+l)(n+2)} zlog[Z_IJ:l Zj+z

—_
-~
I
&1
=
o
%
——
T
|
——
e
+
by

. ] -
>> (i) ZT{(:H;?)CP =5 (n+p)cpz n

F]_U
- pcp + {'l+p)cp Z"I + {2+P)Cp 2‘2 PR

Using the fundamental property of combinations,
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i i !
' C, ="C,_, andalso !C” =1 we have,

ZT |:(”+P)Cp ‘ - 1+{1-—-;_1}(—:] :—]_+(2+p)(?2 Z--2+

-1 (Zxp) (ep) -2y

2! (D)

ZT [(JHP)CPJ = ]+(1+P) =

L nin-1) o

Wehave (1+x) = 1+nx

r+1
VRSN

(1l=-xy " =T+nx+ 5

Taking v = z "and# = 1+p in this expansion we have

-1, O4p) (24p) -2,

-1,-¢1
(1-z Iy ) — 141 +p)2 51

Using this result in the R.H.S of (1) we get

Lo p .
P -1 .- ? z—-1
Z_IW{HH)CPJ:(]_: 1] “*F):‘_____‘

> T+p
. (n+p) N
Thus ZT[ v Cp]w[z—l}

(i) We have the damping rule,

Z'f‘(ﬂ” at, ) = u (z/a) where Zo(u) = #(z2)

2/

_ 1+p
l i ntp — | .
Now 27 {a CPJ { (z70)-1 }

. 1+p
Thus  Z; [d’-{"*P)C ] - {_]
P -a

rr

| 8.7 [ Initial Value Theorem

Statement : If Z,(u, ) = u(z)then It Wz ) =

I oW

Proof : We have by the definition,

- _ LN
ZT ( ”n) = 2 U, =
H=1
-3

ie., E(z)zuU+u,lz_1+u,,z_2+u3z + - o AD
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- | By g 1
tou(z)= It lug+—+=5+2+ | =u +0+0+ - -- =y
0T, T 2T 3 0 0
Z S z—emL Z prd
Thus It ;(z)=m0
Z >
Remark : Similarly we can also obtain other initial values My, Uy, oo as follows,
We have from (1),
My My Uy
u{z)—u, = —+—+-5+
0 22 Z3
Hy Uy
or z[u(z)—uU]=u1+?+;+‘--
1t z[;(z)—u0]=u1
Z — oo
u. i u
- 1 2 3
AISO H(Z)‘—MO—?:;E-%:E-{—--.

Final Value Theorem
Statement:IfZT(un) = u(z) then, It [(z—] ) E(z)} = It u

i

z—o1 n —% oa
Proof : We have the result,
Zp (uy ) =zlu(z)-uy] (D)
Also, Zp{u ) =1u(z) D)

Now (1) - (2) will give us,
ZT(MHH)—Z.I.(MH) = za(z)—zuo—a(z)
or ZT(MPH]—M”)=(z—1);(z)—zw0

n

e., =(z—’1)a(z)~:u”

s

(un+]_uu} 2

H

Now taking limit as z -» 1 we have, -



2Z-TRANSFORMS 439

- 1 _
oS (u,, g -u )= [(z—l)u(z)—zuo]

z—=1 n=0 z z 1

12

ie., > (u,,q-u,) =t [(Z—l)E(Z)J—HO

n=0 z =1

or It [(z—l)a(z)]=u0+ Y (u,,-u)
n=

z =1

= lig+ It

M — o #H

o (un+1_un)

||M.§

ot It {(u.]—ug)+(u2—u1)+(u3_u2)+...
M —» oo

= U

1

+(”'m_um—l)+(um+l_um)f>

+ It (-—uytu
M — oo

m+])

= It um+l

H — oo
It should be noted that as m — o, (m+1) also tends to == and hence RHS is
equivalent to ft i, , , which is further equivalent to It u
{m+1) > = it — oo

n

Thus we have proved that,

WORKED PROBLEMS

27° +3z+ 12
(z-1)*

23, If u(z) = find the value of Uy, Uy, Uy, Uy

>> We have by the definition of Z-transform,

" f _‘1 "7_2 _3 _4 +
u(z) = ug+Upz  +UZ THUZ THUz T+

— PR G S B
e, u(z) =i, z+22 R

+ .

Therefore we have,

uy = I u(z) ()
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w, = |t Z-'rﬁ(z)_“-.‘
1 U]
T e L -
! .
— 2’-—“" —_
0= ]
Z e -
[ TR TR
B 3T L
Hy = bz !”{"}*“0"3_*2 !
T e ~

: 27432412
From (1), y = [T ._.'f___._._z} -
(2432 +12/2%)
g 24(]_1/3)4

)
1 2+32+ 12/ 2

= ” - {___ - 4_) — (] P U
Z = I (1 -1z 1

u. =0

22743412

From (2), Hy = - -, since n, = ¢

- (z-1y v
3 (2+ 32+ 12,-’:2 )
= ff Z" . 4 e 4 .
I3 oo Z(]-]XZJ
I 2+32+1 2/"32
— “ - - ( ..4_ 2 - _.{:“__)_ =
T e (1-172)
=0

T2, 5. 1
From(3), u, = It z°, == +3:+ 12

: since 1, = 0 = u
: 4 0
z — o L (z-1)

1

_ g ot (2430122 24040

. Ao-1wsy -0t
., = 2

[ 4.2 4o
From (4}, Uy = It 23 227432412

2z |
N £ D u
( We need to simplify here )

-
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(231220 (P ey

3
u, = If = e
3 2 = oo ‘ 22(3“1)4 J
(1124822
— H. z [ 4_
s | (zo1)f
s (1148722223
= Jt z i T =1
Z -3 e Z (1'—1/2)
1’13211
Thus u, =0, u, =0, u, =2 and uy = 11
22243z 4 4
24, Given Zo(u, ) =-—""+" | 2| > 3 show thatu, = 2, u =21, u,=139

>> | As in Problem-23, results (1) to (4) need fo be given |
272432+ 4
Hy= It — —= <
e (2-3)

2 (2+3/2+4/2%)

c e D(1-32P

_ oy Lo @edarad)
7> o ¢ (]_3/3)3
1{0:0
2243244 |
wy =t z!: Z Tt z—! since Uy =0
Z > (z-3) |
3 (2+3/7+4/72)
= It . TR T 3 - =2
75 ' {1-3z)
u1=2
— H’ er£2+32ﬁ_— g—!
i, = .

2 3
z e | {z2-3)

24327+ 4222022~ 97 4 272 - 27 |

I = L 2(2“3)3 ]

—
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2_
u. = It 2(2]_5 50Z+542

2 o o (z=3)

22 (21-50/z+54/2)

:EM 2(1-3/2) 21
u, = 21
e 2 _.sz‘ﬂ%% 2.2
25w | (z=3) “ oz
T P2 +3244) -2 (2-3)° - 2z (2 - 3)1
e L 2 (z-3)
- It [ (227 + 3%+ 42%) (2274 212) (- 927+ 272 27) ]
2 o (z-3)
I {(22.5?+324+4z3)—(b5+3_;4—13523+51322f567z)W
z (z—3 )3 |
o 139751 56_7_;}
z2 = o (z-3 ¥
_ 2 1_39; 513/2+5367/22__) 139
z2 > w 22 (1-3/2)
Uy = 139

Thus we have proved that u, =2, u, = 21 and #y = 139

L z z . .
25. Given Zp{u,} = 1t 2.7 obtain the Z-transform of u,

- T
- F— 1
>> We have Z_T(u””}=225Lu(2)—u0——Z-J' (M
We shall first compute 1, and u,.
u o= It u(z)

0
Z > oo

I

=

+
=3
-
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= -
a i

= It -+ o
| 2(1-Vz) £u+er

1 ] 1
= I +— — | =1+0=1
to e | 17122 (1+1/£)}
uy =1
=t zu(z)—u,]
I — w
= 0oz e+ T -1
2 s | 271 241 }
[ .3 2 3_.2
T 4z4zZT = (2 -2 +z—1_)_]
S | (z-1) (2+1)
22zl |
— H. z| - ____?_ J

T o S VA% Ve 30 N
e 2(1-1/2) 2 (1+1/2%)

Now from {1) we have,

2z oz o 2]

Z'I'(”n+2) =z [2_1+22+1_1_ZJ
_72{ Pl (22
(z-1) (+1) =

22(22--z+2) . .
= ~-—==-—- on simplification.

(z-1}(2+1) (2)

\ - 2(F-z+2)
#2202l 1) (£ +1)

Thus Z,.(u
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EXERCISES

4 3 2
1. Show that the Z - transform of n* is ~—' Hz"+11z°+2

2. Find the Z - transform of

(i) %" (iiy e . n (iii) " - n*
3. Obtain the Z - transform of

W) (n+2)% Gi) (n+1) (i) KT

n
at P
4. Show that the Z-transform of 7€ T ig 7%

5. Show that

z(z~acosh®)

(i} Z (a"coshno) = . .
T 2 ~2azcosh+a’

azsinh o

(i) Z .(a"sinhn@) = .
T ZF=2azcosh+a

6. Show that the Z-transform of cos(nn/8+0) is

2% cos B -z cos (n/8~8)

22— 2zcos (n/8)+1

7. Starting from the basic definition of Z-transform show that

o 32
Zp [V3)") =

2
8. Show that Zy [sin(n+110] = =5 “smb
zm -2z cos O+1

2
- 2z°+52+14
9, Ifu(z) = =3 ]-*-‘-4—— show thatu, = 0 = My, Uy =2and u, = 13
(=-1) ' - )
52° +3z + 12
10. Tf Z,.( M) = 112 show that i, = 3 and ty = 23

(z-1)*
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ANSWERS
LA
2. () —— G (iii)
z—e' (z—e”
22+z 4z z
PP I
.. 2?4z 3(22+z) 3z z
(i) -— 2 4+ = 5+ > + - -
(z-1) (z-1) (z-1) z-1
Kz
(iii) S

Inverse Z-Transforms

We have already stated that,if Z, (u, ) = u (z)then Z ! [u(z)] = u, 18 called the

inverse Z-transformof wu(z)

List of standard inverse Z-transforms

oy = _ 2 - =1 I Z
1. 727! =1 2 27| — — =K
r z—l} T z—k}
- T 1
-1 Z _ -1 z
3. Z; S | = 4. 7o - — = k'n
| (z=1)" | | (z—k)"
F, _ T2 .
5. Z;l 2 +Zj = H 6. Z'T"l ;E:Jrkz;J:k”-uz
(z-1) | (z-k)
_ , - 5
7 z1| e | g 701 [T |
Fl -1 N P
- 5
- ] i
9, Z.J_.l[ 2'" Jz sin(rm/2) 10, .ZJ,_.1 {—;——-- = cos(nmn/2)
z=+1 41
Type-1.

Inverse Z-transform of rational algebraic functions by partial fractions method.

Working procedure for problems

D Givenu(z) = =) we need to express g (z) in terms of non repeated linear

g(z)

factors only.
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=

Important Note

H(z)
Z

We consider in the form of a proper fraction and resolve into partial

fractions.

We multiply by z to have wu(z) involving various terms of the form
¢-(z/z~k}), ¢ being a constant.

Finally we compute the inverse Z-transform of these terms resulting in the

required Z; ' [u(z)]

If g(z) involves repeated linear factors of the form :

(z-k )2 , (z-k )3 , (2—k )4 - - we need to take it jite account the corresponding terms in
the numerator : kz, (kz*+kz), (kz° +4 B4z, (by refering into inverse
Z-transform) respectively and cxpress u (z) suitably with terms multiplied by
A, B,C, --

We compute A, B, C, - -

< and find Z7 ' [u(z)]

WORKED PROBLEMS
26. Find the inverse Z-transform of( 1 )Z( e
- z
>> Let 2y = Q.=
eﬁf” )=o) (2-2)
u(z) 1
z _(:~-1)(z—2)
1 A B
t — R —_ - - .
bt oD -3y T 21752
or 1=A(z-2}y+ B{(z-1)
Put z=1:1=A(~-1) =-1
Put z=2:1=B(1) 8=1
u(zy -1 1
H oA T
ence z—1+z—2
— z z
or H{z) = - —1+z—2
z g =7
= Z'I_'] [n(:)]:Z.ITll: hZ-I_Z'f'].:z-l
J J
We have Z'I_'l {~i—} K
Thus  Z7'lu(z)]=u, =2"-1
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5z |
27. Find Z : S
{(2 ) (32-1) |
- 5z
Lt = - . ——_—
>> Let u(z) (2-2) (3z-1)
u(z) 5
z  (2-z)(3z-1)
5 A B
Lt — - - —
2Ty (3 2-z " 321
or 5=A(3z—1)+B(2—w
Put z=2: 5=A(5)
Put z=1/3: 5=B(2-1/3) or 5= B(5/3)
u{z) 1 3
Hence . _2—z+3z—1
- -z z
or B = Y3
4P o= -1
—> T fu(z)]=-2Z; lz—_—z—}+z

28. Compute the inverse Z-transform of

( 5z
322+22
Let  w(z2) = = y(5242)
w(z)  32+2
z (52—1)(56+2)
3z +2 A B

Let

or 3z+2 = A(Bz+2)+B(52-1)

Put z=1/5: 13/5=A(3) . A =13/15
Put z=-2/5: 45=B(-3) .. B=-4/15

= |

u w(z)y 13 _tv 4 1
ence T 15 5:-1 15 5z+2

“1)(52+2)

(52-1)(5z+2) 5z—1 T 542
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or m(z)=2 2 __ 4z
75 z-(1/5) 75 z+4(2/5)
Pt U SRR R Z'"—}LI -1z
= Z; [u(s)]—75 Zs {z—{l/B). . |:Z+(2/5)J

Thus zT‘1 [u(2)] = u = -;—5- {13(1/5)”—4(—2/5)"}

29. Obtain the inverse Z transform of — -~ ~—————
f f (z+2) (z-4)

2
_ 225+ 3z
L = e -
>> let u(z) (2+2) (2-4)
u(z) 2243
2z (z+42)(z-4)
Let 2z+3 A +__B

(z+2) (2—4) - z+2 z-4
or 22+3=A(z-4)+B(z+2)

’U
=
=1
by

=-2: -1T=A(-6) LA =16
Put z=4 : 11 = B(6) . B =116
Ez) 1111

H — - -
ence z & z+2 6 z-4
H(z) —_ l _E__. 1_] -
or 6 z42 6 z-4
-1 = I O O I N G R
= Zp W=7y Lz+2J'+ 6 “1 | z-4

: -1 827 =
30. Find ZT ':

>> | We have to note that the denominator has repeated linear factors |

8-z -8

(4-2)°  (z-4)

Let 1(z)=
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LZ74
2
— 1 4: = ~
and Z'rl + l.f‘q —! — 42
z-4) |

We resolve (2 ) as follows. ( Note this important step )

et DB g F Ly B o e o
(z=4) z-4 (=—4) (z-4)
o DB Az(z=4) 4dBr(z-4)+4C2(z+4)
(z—4Y% (z—4)
or 22~8=A(z—4)2+48(z—4)+4C(z+4)
[Put z=4: 8 =4C(8) Lo C=1/4
Fquating the coefticient of =2 on both sides we have, A =1
Also by equating the coefficient of = on both sides we have,
—8A+4B+4C =0
ie., -8+4B+1 =0 s B=7/4
Substituting the values of A, B, Cin (1) we have,
2 -8z : 7 k1 4Ptie:
PR A S A Sy
L g EmE gl _:___J+_? 1{ ERRRPEIEa Y
REY S AR S PP o R el

n

2 o
31. Given U(z) = e , find u
B4+ 8z-1 "
>> U(z)or u(z)= .- S by data.

257184

Woeshall factorize the denominator first.
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P52 482-4 = (-5 4z)+(42-4)

2(22-57+4)+4(z-1)

Z(z=1)(z-4)+4(z-1)

(z2-1)(2 -4z +4)

= (z-1)(z-2)

— 2_
Wehave u(z) = — -z 3
(z-1)(z-2)

_ _ ' _ 2z
Wehave Z-1| -2 | = 1.7 1[—-—2— =2 7 ‘( - =2".q
d {2“1} Tolz-2 Tl z-2y?

We resove u ( z) as follows.

— 422 - 27 z z 2z

u(z)y=——— == A.-"—+B. Z— 1 C.- ..

=) (z-1)(z-2) z-1 z-12 (z-2)> W

or 47% - 27 _ Az(z~2_)?+Bz(z_-__1)(Z—Z_)+2Cz(z—l_)_
(z-1)(z-2) (z—=1)(z~2)

or 4z-2 = A(z-2Y+B(z-1)(2-2)+2C(z-1)
Put z=1:2=A(1) W A=2
Put z=2: 6=2C(1) Lo C=3
Equating the coefficient of z% on both sides we have,
A+B =0 s B=-=2
Substituting the values of A, B, Cin (1) and taking inverse we have

-1 7 Y et I PSP | B2 -1 2z
Zy [u(z)] =277 {2&11 27, [2_2}+3ZT {(Z—Z)Z}

=21-22"43.2".n

Thus Z;lla(z)] =u = 2-2"t 113y 0"
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3
32. Find the inverse Z-transform of ?--—;;-;OZ
(z-2)(z-4)
>> Let u{z)= 2—320—
(z-2)y(z—-4)
We have
_ - 2z
Z 1 L - 2?1’ Z 1 == — len
2 o
Zs 3| =27, Z; — = 4"
(z-2) z
We resolve u ( z ) as follows.
- 3_ 2
u(z) - Z__%Z_OZ_ —_— = A___E._ + B’_ 22 i + ng_—i__%_'_ D_-Z.... .“(1)
(z-2)"(z-4) 2-2 (z-2) (z-2) z-4
25~ 20z :Az{z—2)2(2—4)f_24_82(_2—_2)(z~4)+C(222+4z)(z—4)+Dz(z—2)3
(z-2Y (z-4) (z-2) (z-4)

or 22-20 = A(2-2)(2-4)+2B(z-2)(z-4)+C(2z+4)(z—-4)+D(z-2)
Put z=2: -16 = -16C s C=1
Put z=4: —4=D(8) o D=-1/2

Equating the coefficient of 2% on both sides we have,

A+D =0 A =12
Put 2=0: -20 = A(4)(=4)+2B(8)+C(-16)+D(-8)
e, —-20=-8+16B-16+4 - B =0

Substituting the values of A, B, €, D in (1) and taking inverse we have,

; 2
“1717; e U T IS B N Sy I (A
Z; [u(z)]—ZZT {2_21+Z.I.{ ~ 3}'22”[ {zv4}
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Type-2. Power series Method

Working procedure for problems

S The given u (z) is modified into a suitable form so as to expand it as an infinite

series by using some of the standard expansions like

iy (1+x)" = l+}':x+£(—;.'_....l_)_ 2.
2 3 4
(i) log(l+x)=1x 2+3 L
> 3
C2 :
(iii) f’x=1+il_!+5'i+§“f+u.

O u(z)isputintheform I u z

[T

That is E(z) = ZT( u”)
< The required Zs ! [u{z)] will be u,

WORKED PROBLEMS

33. Find the inverse Z-transforin of
(@ log | ——= | ”]0*(--:--
"8 lz41 =108 Lz+1

>> (a) Letu(z) = log[

z+1

|
, - z [ 1
1., H(z) =log| , -~ l = -logL1+~ !
!
|

J .

. - 1 1{1% 1{1% 1{1° :

ie., u(z =~E+-i FAREINE +4 —4-J—---
= - z ) z

e, u(zy= y U
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(-1
n

_ if n21
Thus o, = Z,;,l fu(z)] =

) Iy
TGN ERNTER
C T2z 3 2 el 5
v/ < A J
- 1 -
— (__-1)114— . .
u(z) =3 ez - Y u_z
n=il n+] m=10 "
_ 1. = B (_"“l )ﬂ+1
Thus w, = Zp" [u(z)] = "=

34. Obtain the inverse Z-transform of —— 5 by power series expansion
z+1

Z

>> Let H(;):-- 5
{z+1)

| 4
[
[um—

e, u(z)= N 1_12 oz
z kl + . J

—1
Wehave, (1+x)"=1+mx+ n(n-1) 2

(T+x) 2 =1-2x+3% -4+ ..

Now,

-~

o~y

p—

|

|
—_——

[

{

[

L=

+

w2

I

|

-9

| =

+
—
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2
35. Find the inverse Z-transform of — & 2 by power series method.
(z-k)
>> Let u(z) = 5
(z—k)
2 -2
) - z k
ie., u(z) = -—-—[1~Z]

Wehave (1-x) 72 = 1+ 2 +3x2 +4° +- .-

2 3
= k k kY
u(z) = 1+2[£]+3(EJ +4[EJ Fo..

le., u(z) = Ej(n+l)(§] = E [(n+1)k”]z_"=§ w,z "

n=n n=i n=0

Thus &, = Z;l[;(z)] = (n+1)k"

‘ 1y bz 1 -1 1/z 1
36. Prove the following. (a) Z: ' le ]_nl(b) z: ' [z(e V5 -1y T
1/z 171 11 11
>> (a) e &1+1!(ZJ+2’22+?'Z3+
; /2 _ - b —n 1
Thus Zr‘l[el/zlzll.
H
1/2 _ 1 1. 1 1 11
) z(e ‘1’—2(1‘5';+2—@';5+§—3+---
5 & Z
1/z 1 11 11
L YA TR TR g

-1 1/z _ - 1 .
Thus Zp [z(e 1)]_(n+1)!
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EXERCISES
Find the inverse Z-transform of the following functions
2 2
2z
1. =3z 2. - = wherea # b
(z+2)(z-4) Z”—(a+b)z+ab
2
3. % n 8z
22°+z-3 (2z-1)(4z-1)
22 522~ 2=
> T 6.
z¢-7z+12 (z—1)
7. 2372 8. 5 —
z-—-3z+2 27+ 11z +24

9, Givenu(z)z 2 - 3 + 4 ,
z z+1 z-4 z-2

find u
fr

2
10. Find the inverse Z-transform of [ z_f2_ ] by power series method.

ANSWERS
1 . E i a_n+1_bn+1
1. 6(—2) + 6 (4) 2. PP azb, axb
3. %-!1—(—3/2)”} 4 2(1/72Y —(1/4)
5. 47+ _3n+l 6. g(n2+2n—3)
7. 3(2"-1) 8. %{(—3)”—(—8)”}
9. 2(-1)"~3(4)"+4(2)" 10, (n+1)2"

Solution of Difference Equations using Z-Transforms

Working procedure for problems
S We take Z-transforms on both sides of the given difference equation.

We use the known expressions for the Z-transform for terms like u

n+2’ "n+l

>
S Weobtainu(z) = Zp(u,)asa function of z
>

The required solution u, = Z{.l [u(z)]
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Note-1. If the initial values u,,
difference equation. If the values uy, wy, ... are given specifically, we use them in the expressions

and obtain ;(:) = Z.r(un ). Further, the solution

iy, .. arenot given we got the general solution of the given

of Z-transforms of u H

w+2 7 T+l

Moo= ZT_I [u{z)) so obtained will be e particular solution of the given difference
equation.
Note-2. Remember the following results in both ways.

[Z-transform and Inverse Z-transform)

< - ny o %
L Z-,-(1)=Z_} 2. Zp(k )=
z kz
3. Lp(n)y=——+ 4. Z (K'n)= —- 5
2, A 2 z
5. ZT( :12) = —A—t-i.i 6. Z_r(k” n-) = E{ﬁ__;
(z—1Y) (z—kYy
3 > 3 2.2 3
. 7+ 4t + 4z I+ k' z
7. ZT ( .YI3 ) = —+—4:— —+4 8. Zf'{ k” ”3 ) _ k_z_tﬁ_ _;__
(z-1) {(z~k)
- 72
9. Z [sin(nmn/2)] = ~5— 10, Z, |cos(nn/2)] =~
T :2 +1 ! Z2 +1
Note-3
1 ZT(”PI+I) =z[u(z)-u,l
2. 2| My n) = 22[;{'(: b,y ! ]
37. Solve by using Z-transforms - u 4 =3u o+ 61, =0

>>Taking Z-transforms on both sides of the given equation we have,

ZT(”rHE)FSZT(“n#l}+6ZT(”n) = Z'f'({})
ie., ZZ[E(Z)-uO—nlz_l]——52[5(3)—1;0]76;(2) =0
ie., [22—5:+6]1_£(z)—110(:2—5:}—”.1:=(]

. el -4 -
., z”~52+6]1f(z)=u0(32—32)+u1:

2

or H(zZ) =My ey
Y P N S
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2
-1 = _ -5z _ z
71 Rt . | I — .
= T [u(z)] Uy Zr [(2—2](2—3)}+H]ZT (2-2)(2-3) n
2
z- -5z
Let -
S A e ST EE)
-5 A B
o P __ 25 A B
Further, let , (:2)(2-3) Z—2+z—3
or z2-5=A(z-3)+B(z-2)
Put z=3: -2=B(1) B=-2
Put z=2: -3=A(-1) S A=3
z z
Hence p(z)—3-2_2—22_3
r 1
-1 _ -1 2 -1 _%_
= Z; p(z)1 =327 LZ‘ J-zzT L_B}
[ 5z
ie., z-l = =3.2"-2.3" (2
T Lzz—52+6 )
Next, let g(z) = —— z
et glz) = Ty (z-3)
(z) 1 C D
hor Lot 40Z) _ _ o D
Further, let ; (22)(2.3) z—2+z—3
or 1=C(z-3)+D(z-2)
Put z=2: 1=C(-1) . C=-1
Put z=3: 1=D(1) D=1
Hence (ﬁ)___z_.+_2f_..
Lz)==""n " 223
-1 _ ool oz 1]z
= Z7'[9(2)]=-Z; L—z}'z'f' Lz—s}
. -1 2 H #
ic., Z - -t ==-2"43 ... (3)
T {2_5”6}

Using (2) and (3) in (1) we have,
Z: () = 4y 132" -23" TR S

. _ n t
€., u, = (31— iy Y25+ (~2uy+uy )3
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Let € = 3u0—w1 and €y = —2uo+utl

Thusu, = ¢ - 2"+ ¢, - 3", where ¢, and ¢, are arbitrary constants is the general
solution of the given difference equation.

38. Soluve the difference equationu  _, + u, = 0by using Z-transforms.

>> Taking Z-transforms on both sides of the given equation we have,
ZT(”n+2)+ZT(un) =Z:(0)

ie., f[ﬁ(z)—uo—ulz_lhﬂ(z):[)

ie., [22+1]H(z)=uozz+u]z

2

Z
o tu,
0 z2+1 1 zz+1

-1 -1 22 -1 Z
= ZT [u(z)]zuUZT STy ZT {2 jr

or E(z)=u

7 +1 Z“+1
Thus u, = uocos(nn/2)+u1 sin(nmn/2)
where #; and u, are arbitrary constants is the required general solution of the given
difference equation.
39. Solve by using Z-transforms : y_ 24y, =0, giventhat y, =0 and ¥y, =2
>> Taking Z-transforms on both sides of the given equation we have,
Ze(¥y ) =4 Zp(Yy,) = Z2(0)
ie., zz[g(z)fyomy] 2‘1]~4§(z)=0
ie., | -4 i g (z) -2z = 0, by using the given values.

— 2z
or y(z)=Z2—_4-

y(z) 2 A B
z_

Let N
€ 2 z42

z (z-2)(z+2)
or 2=A(z+2)+B(z-2)
Put z=2: 2=A(4) o A=172
Put z=-2: 2=B(-4) s B=-12
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Hence,y(z):% %_%Z%

17 1 -1 1 1] _Z
= I [3’(7-)1:5{% [;‘_QJ‘ZT [;2“
: 1 ¢ 2T (=2)°
ie., yn‘—'—z‘izn—(—Z)nj‘=E+—:2—

Thus y, = 2 ly(-2)"" 1is the required particular solution.

H
40. Solve by using Z-transforms: y, +%yn = [i] (n>0) y,=0

>> Taking Z-transforms on both sides of the given equation we have,

H

1
Z.. (yn+1)+ Zp(Y,) = MZ] }

. — 1 -
ie., z[y(z)—y0]+z y(z) =

1
4
ie., { %}y(z) = —7 byusmgthegwenvalue
=
or ~(z)
Y 1
)
o BB 1 AL B
[ Z}[Z-F‘—i} Z—Z Z+Z
1 1
or 1:A[Z+E} (H Z}
Put z=1/4 : 1=A{1/2) SooA=2
Put z=-1/4: 1=B(~-1/2) B=-2

Hence, y(z) = 2. % 2.,

1
S 4
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.- [_. z 11z
= Zi'lyl=2jz" 11—ZT1 —1]
Z—E Z+ZJ

H

H
Thus, y = { (EJ - [— %J } is the required particular solution.

41. Solve : u -3u +2u, = 1by using Z-transforms.

n+2 n+1

>> Taking Z-transforms on both sides of the given equation we have,

Lp(u, )= 3Zp(u, () +2Z(u ) = Z.(1)

ie., 22[5{2)—u0~ulz‘1]—3z[§(z)—u0]+2ﬂ(z):-:fi.
; " 2 z
ie., [22_3z+2]u(z)—u0(z _32)_1{]2:2——1
ie., [(3*1)(2-2)15(2)=u0(zz—3z)+ulz+:f1
or E(?) = .- _22—3_Z T _3__ + Z_
z U (z-1)(z-2) "1 (2-1)(z-2) (2_1)2(2_2)
ie., E(z):uU-p(z)+u]-q(z)+r(z)(say) _ (1)

We shall find the inverse Z-transform of p(z), giz)and r(z)

2
z° -3z
Consider, p(z) =
onsiden P2 = ) (-2
p¢z) ___ z2=3 ~ _ A _ B
Let z (z-1)(z-2) z-1 Y2
or z2-3=A(z-2)+B(z-1)
Put z=1: -2 =A(-1) S A=2
Put z=2: -1=EB(1) S B=-1
-1 Al - oz ] o1l =z ]

ie., Z: M p(z)=21-2" = 22" 2
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, z
Consider ——

g(z) = (z-1) (Z-——Z} (Refer Problem-26)

z;l[q(z)]=2"-1 .. (3)

Consider r(z) = — =

(z—l)z{;;E;
C-—Z—+D

zZ
Let —— - = : s+ E
(z-1)*(z~2) z-1 (z-1)°

z
z-2

or 1=C(z-1)(z-2)+D(z-2) +E(z-1)

Put z=1: 1=D(-1) L D=-1
Pat z=2: 1=E(1) . E=1
Equating the coefficient of z* on both sides we get,
C+E=0 o C=-1
-1 S B N2 DR S NS N I
Now, Z; [r(z)]=-2, Lz-l}ZT \:(2_1)2]"'21" [z~2}
ie., Z7 [r(z)] = -1-n+2" @)

With reference to (1) we have,

27 L) ] = uy 27 Lp(2) 14w Z7 () 1+ 27 1 (2)]
Using (2), (3) and (4) in the R.H.S we have,

Zf1 [7{z)] = 1{0(2-—2”)+u1(2”—1)—1-n+2”

1 frarcd — - o n R

ie., .',111—-(22110 " 1y+( 110+u1+1}2 1

Let us denote €, = 21:0 — Uy - 1 and C, = —Hy g+ 1 where € and ¢, are arbitrary
constants.

Thus u, = ¢, +¢,- 2" - nis the required solution.

42, Solve by using Z-transforms : Y, +2y,  +y, = n with Yy, = 0=y
>> Taking Z-transforms on both sides of the given equation we have,
ZT(yn+2}+2ZT(yrH i )+ Z'I'(yn ) = ZT{ n)

. 2= S I - vz
ie., “fy(z)-y,— Y 2 1+2z[y(z)—yyl+y(z) = (z—l)2
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e., [2+22+1 ly(z) = —Z—l?, by using the given values.
(z-
- z
or (z) = 5
Y (z-1)°(z+1)?
Let z _E z z z ()

(z—l")2(z+1j2'=A'z?1 "iz'—1)2+c'(2+15+ (241
or T=A(z-1)(z+1P+B(z+12+C(z-1¥(z2+1)+D(z-1)
Put z=1: 1=B(4) . B=1/4

Put z=-1: 1=D(4) . D=1/4

Equating the coefficient of z° on both sides we get,

A+C=0 or C=-4

Put z=0: 1=-A+B+C+D

ic., 1=C+1/4+C+1/4 or 1/2 = 2C Lo C=1/4

Substituting A =-1/4, B=C =D = 1/4 in(1) and taking the inverse
Z-transform we have,

-1 .~ 1 z 1 i Z
Z; ()] = -5 25 {Z_I]sz [— }

(z-1)
1oy _z |, 1,1 =
YT IL_H}*:;ZT [(24,1)2]

i i 1 1 1 -
ie., Y, —i-1+Zn+z(~1)”+Z»(—1)L—l)”n

It

1l

1 IRV .
g (n=1)=(-1)"(n-1)

Thus y, = (n-1) [1-(~1)"1]is the required solution.

43. Solve by using Z-transforms : M, ,—Du 6u, = 2"

el

>> Taking Z-transforms on both sides of the given equation we have,
Zp{ty 5) =520 (u, ) =6Zp(u ) = Z-(2")

z

ie., zzia(z}—-uo—u.i 2_1]—52[5(2)—140}—65(:-) =,



SOLUTION OF DIFFERENCE EQUATIONS 463

. 2 - 2 Z
ie., [2°-5z-6]u(z)-uy(z ~52)—ulz=:2-
, — 5 z
., (z—6)(z+1)u(z)=uo{z —52)+u12.+-2—_—2

E(-) — _ééz___F _ z + . Z .
o BTt ey 2+ 1) U (2-6)(241)  (2-2)(z-6)(z+1)
ie., u(z) =uy-p(z)+uq(z)+r(z) (say) (D)
We shall find the inverse Z-transformof p(z), g(z) and r(z).

. z2 -5z

Considerp(z) = E_g—ﬁ)(z+1_)'

pz2) __zz5 A B e _
Let . (z-6)(2+1) z—6+z+l or z—-5=A{z+1)Y+B(z-6)
Put z=6: 1=A(7) s A=17
Put z=-1: -6=B(-7) .. B=6/7

-1 1,z V6] Z

Hence ZI' [p(z)]—7£T 2—6J+7ZT ’72+1j|
e, ZZV[p()] = 5 (6) 42 (- 1) @
. o lp =5 -
Considerg(z) = (7; é_)(z-q-—l}
Let 9(z) _ 1 ¢ D

z (2-6)(z+1)  z-6 ' z+1
or 1=C(z+1)+D{z~-6)

Put z=6: 1=C(7) . C=1/7
Pat z=-1: 1=D(-7) =~ D=-1/7

1 I e I

_ 1 n 1 ”
e, Z7'[q(2)] =5 (6)"—5 (-1) . 03)
(2-2)(z-6)(z+1)
r(z) _ 1 E,F G

z (2—2)(2:—6)(""2“4-1_3:z—2+z_:”(;+z+1

Consider r(z) =

Let
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or P=FE(z-6)(z+1)+F(z-2)(z+1)+G(z-2)(z2-6)

Put z=2: 1=E(-12) .~ E=-1/12
Put z=6: 1=F(28) . F=1/28
Put z=-1: 1=G(2l) =~ G-=1/.21

1 ___1 -1 _Z 1 A L [
Hence Z; " [r(z)] Z; [2_2] 28 Zr {2—6} 21ZT {Hl}

' - -1 1"
e, Zi ()] =23 (2 4 g (64, . @)

5 (1)
With reference to (1) we have,

Zi Tu(z) = w7 Ip 2y v - 27 g ()14 27 r(2)]
Using (2), (3) and (4) in the R.H.5 we have,

- 1 n 6 n (1 1 n
][M(Z)] = 1;.0{5(6) +-7—(—1) }-i‘ uﬁ?(6)”—§(—1) }

-1 1 1 "
+ {ﬁ (2)"+ 55 (6) +57(-1) }

lu, u bu, u n
-1 7 AR B s N no (0 1.1 n_2_
Z; [u(z)]—un—t7+7+ (6)" + 7 "7ty (-1) 0
Let us denotec; = u o/ 7t u/7+1/28and ¢, = 6u,/7 ~ u,/7+1721,

where ¢, and ¢, are arbitrary constants.

2?1'
Thus u, = (6)" te, (-1)' =7 1s the required solution.

44. Solve the difference equation 'y~ 6y +9y, = 3" by using Z-transforms.

u+1

>> Taking Z-transforms on both sides of the given equation we have,

ZT(yn+2)_6‘ZT(yn+] )+92T(yn) - ZT(3n)

ie., f[?(z)*yg-ylz_l]—621.;(3)‘3’0]*9;(2):z—fé

Il

fe., [22_6Z+9]E(Z)_yafzz_éz)*hz=_~} 3

. _22. _ 2 _Z
ic., (z-3Y-y(z) Yo (2 6z)+y12+2_3
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or g(z):y‘g_zz—&)_l_y B S S
0 (2_3)2 1(Z—3)2 (2*3)3

fe.,  y(z) =y, p(z)+y-q(2)+r(z)(say)

We shall find the inverse Z-transformsof p(z), g(z)and r{z)

2
z-—6z
Considerp(z) = ~—
’ (z-3)
We take note that Z.. (3") -2 and Z (3" n) = 3z
2
z“ -6z z 3z
Let (z)=— =A- +B. 0=
P (z-3)* z-3 " (z-3)
or z-6=A(z-3)+3B
Put z=3:-3=23B o B=-1
Also, -3A+3B=-6 SoA=1
- - - 3z
Hence Z5 ' [p(z)] = Z- 1 BT N ek T R
r T |z-3 Tl (z-3)*
je.  Z-l{p(z)]=3"-3"-n
z 1 3z
Considerg(z) = =
7 (2—3)2 3 (z:~—3)2
- 1 -1 3z
= Zllgl=752"|
T 3°7 (2—3)2
‘ - 1
ie., ZT] [9(z)] =§(3"n)
Considerr(z) = - 3
(z2-3)
2
We take note that Z.(3" n?) = Sit?%
(z-3)
2
Let r(z):—z S=C L .p.. 3z 2+E-—§2 +‘5v‘z3
(z-3) z=3 (z-3) (z-3)

or 1=C(z2-3)+3D(z-3)+E(32+9)

D)

)

(3
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Put z=3: 1=E(18) S E=1/18

Equating the coefficient of z% and z on both sides we get,

C=0 and -6C+3D+3E=0 . D=-1/18
_ 1 -1 3z 1 .4 322+ 9;
Now, Z;'[r(z)]=-35 27" | =2 vz 5
T 18 “T (2_3)2 18 T (2_3)3
, -1 __l " L n_ 2
ie., Ze i [r(z)] = 18(3 n)+18(3 ) oo (4)

With reference to (1) we have,

Zr ()] =y 27 p () )4y, 27 g2+ 27 r (2)]
Using (2), (3) and (4) in the R.H.S we have,

3”-n)+1—18(3”-n2)

H l 1 1
Y, = y0(3n—3 -n)+y1-3(3’ n)~1—8(

. n 19 1 3" 2
e., Yy = Yp3 + —-y0+§y1J(3 n)+-1é-(n —1)

Wedenotec, = y,andc, = - Yo+ (¥,73), ¢, and ¢, are arbitrary constants.

3?'!
%:CNBH+%(ﬁnH-2_nM—1)
3°.2
3 2
Thus y, = (¢ +c,n)3"+ 5~ m(n~1)is the required solution.

45. Solve the difference equation, y_ L2 t0U, Ty, = 2" with Yo = ¥y = 0 using

Z-transforms.

>> Taking Z-transforms on both sides of the given equation we have,

ZT(yn+2)+6ZT(yn+l)+92T(yn} = ZT(ZH)

ie. ZzW(z)—yu—ylz‘l1+6zw(z)—yol+9§<z)=;‘Z_z

—-

ie., [ Z+6z49 ly(z) = 24—2 , by using the initial values.

z .
(z-2)(z+3)

or y(z) =
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Let z RN - S
(z-2)(z+3) z-2 z+3  (z+3)
or 1=A(z+3) +B(z-2)(z+3) +C(z-2)
Pat z=2 :1=A(25) .. A=1725
Put z=-3:1=C(-5).. C=-1/5
Equating the coefficient of Z2 onboth sides weget, 0 = A+B s B=-1/25

He 7 (z 1 oz 1z 1 z
nee Y(2) =55 0795243 5 (n43)

- 1 z 1 z 1 1 v3z
or y(z)zE

1 _ ___1_ _1|.— Z_. _i -1 Z i -1 _F:SZ_
= Zr [y(2)1*25ZT lw_g} 25 Zr {2-1-3]4-152”{ {(Z+3)2}

1 w1 w1 o
25(2)— ( 3)+15( 3)"

1., yn

46. The equation u_ ,—2u, ,+u, =37 +5 s satisfied by a sequence u . Find this

sequence using Z-transforms

>> Taking Z-transforms on both sides of the given equation we have,
ZT(”n+2)_ZZT(”n+] Y+ Zp(u,) = 3Z;(n y+5Z,(1)

ie., zz[ﬂ(z)—uu—ulz_]]—ZZ[E(Z)- ]+u(z)"-3 G _1) +5-;’i—1
ie [z —22+1]u(z)—u (z ~22y—u,z =3 — CA— 5—-z~—
° ! (z-1)  (z-1)
e,  (z-1P u(z)=uy(2 —22)+1;12+3( _1) 5(;-1—)
2
— z5 -2z z z Z
u = Uy Tty +3 S +5
or (2) =% (z-1) G Ty (z-1)P
-2z z 5z -

" = S —F .
o H(z) =t (z-1) 1) (z 1)}
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ie., E(z)zuo-p(z)+ul-q(z)+r(z)(say) (1)

We shall find the inverse Z-transforms of p(z)g(zrandr(z)
2

-2z z z
Considerp(z) = =A ——+B —F
onsiderp (2) (z-1) z-1 (z-1)
or z2-2=A(z-1)+8
= A=1-A+B=-2 s B=-1
-1 =z V|2 |_»-1]_ 2
HenceZT [p(z)]—ZT {z*]} ZT {(z—l)zJ
ie., Z 1 N p(2)] = 1-n (@)
Al z-1 )=z | —2 |2 7] ...(3
50 T {‘?( )1 T [(Z—I)ZJ (3)
2
Considerr(z) = if%
(z-1)

We also take note that

2 3 2
Z;l L% =n? and ZT—'.] Z_+4%§ = 3
(z-1) (z-1)

2 3, 4.2
PUNTET = AL I S 22+23+F.Q‘£’%%
(z-1) z-1 (z-1) (z-1) (z-1)

or 52-2 = C(z-1)+D(2-12+E(z+1)(z=1)+ F(z>+4z+1)
Put z=1: 3=F(6) s F =12
Equating the coefficients of 23, 2% and z on both sides we get,
C=0 -3C+D+E+F =0 and 3C-2D+4F = 5
By solvingwe get, D = -3/2 and E = 1

Hence, Zr' [r(2)] = 3~ 77 {Ef—l;ﬁJ

ie., Z;l[r(z)]z%&;—-n+n2+%n3
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e,  Z;'[r(z)] =5 (n*+2n-3) ()
2
With reference to (1), we have,

Ze () = ug Zy U p () 14w Z7 1 [g(2) 1+ Z7 [ r(2)]
Using (2), (3) and (4} in the R.H.S, we have

Zr ()] = ug(L=n) + 1y () +5 (P 420-3)

2
-1 3 n(n +2n)
Zp LEQ) ] =, = g | —ug by =5 lnd =
Wedenotec, = 1, and ¢, = ~uy+u, —(3/2),¢c; and c, are arbitrary constants.

2
n(n+2). .
Thus wu, =¢+en+t > is the required sequence.

47. Fimnd the response of the system y, _ ,~4y,
u, = 1forn =0,1,2,3,... by Z-transform method.

+3y, = u, withy, =0,y, =1and

>> The given equation is Yoo~ 4yn at 3yn = 1,
Taking Z-transforms on both sides we have,
ZT(yn+2)_4ZT(yn+1 )+SZT(yn ) = Z",I'"(1 )

ie., Zzlg(z)—yo—yl2_1]—4Z[§(Z)_y0]+3g(2):Zi—l

fe., [zzv4z+3]§(z)—z=

z-1
ie,  (z-1)(z-3)y(z) = z+'(";1)
_ z z
or y(z)=m:‘g)*(z_1)2(z—3)
ie., y(z) = p(z)+4(z) (say) -0
Consider p(z) = (z_l)z(zm3)
p(z) _ 1 A f

Let +

2 (z-1)(z-3) z-1 2-3
or 1=A¢(z-3)+B(z-1)

Put z=1: 1=A(-2) L A=-172
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Put z=3: 1=B(2) s B=1/2

1 -l 2z 1,11 2
Hence Z; " [p(z)] = 5 Zy {2_1}4'227“ [2—3]

: -1 _‘_1_ 1 .n
ie., ZT fp(z)] = > 1+2(3) .o {2
z
Considerg(z) = -—F— —
i (z-1)(z-3)
z 2z z zZ
Let (z) = =C-——4+D.— +E-——
T T DR A e
or 1=C(z-1)(z-3)+D(2-3)+E(z~1)
Put z=1: 1=D(-2) . D=-172
Put z=3: 1=E(4) s E=1/4
Alsowemusthave C+E = 0 s C=-1/4

_ 1 _ 1 _ 1 _
o 015 2 e

. - -1 1

ie., ZT][q(z)]=-T-1——2--

With reference to (1) we have,
zZ' y ()1 = Zp p(2) 1+ 27 g (2)]

Using (2) and (3) in the R.H.S we have,

_ - 1 3” 1 n 311

U e i by
. 3 3 M
R A i

1
Thus Y = 34 [-3+3" 1 2y 11s the required response.

48. Find the impulse response of a system described by Yye1t2Y, =90, y,=0 by
applying Z-transforms.
>> Taking Z-transforms on both sides of the given equation we have,

ZT(yn+])+2ZT(yn) = ZT(Sn)

ie., z[?(z)—y0]+2§(z)=l
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ie., (z+2)§(z)z1 or §(2)=Z+2

oa

]‘.(_’__’ ZT(yﬂ):Z (_2)”—12
1

n=

—-H

Thus y, = (~2)"" ! wheren > 1

EXERCISES
Solve the following difference equations using Z- transforms

1. —2yﬂ=0

Yor2 " ¥uin
2. yn+2_6yn+1+9yn =0

3. ~9y, =0 giventhat y, =0,y = 2

yn+2
_am
4. yn+2_5yn+1_6yﬂ =4

— o . _ _
5. yn+2—2yn+]+yn =2"; Yy =2 and y, =1

6. u,, ,—u, = (n-1) giventhat uy =1 and u; =2
7. un+2—4un+1+3un=5"

8. un+2+4uﬂ+l+3u”=3” with u, = 0 and u; =1
9. un+2+6un+1+9un=2” with u, = 0 = u,

10. Find the response of the systemy -5y, +6y, =u, withy, =0, y, =1
and u, =1 for n=0,123,...
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ANSWERS
e (2) e, (= 1)

=
o
=

1]

2.y, = (c;+c,n)3"

3.y =313yt

4y, =0 (6) 46, (-1)' -(4"/10)
5. yn=1—2n+2n

6. un=%[9(2)”—(—2)”+1—3”]
7. un:c1+c2(3)”+5nx’8

8. un=514[9(—1)”-10(—3)”+3”]

1 n " 5_" H
9, ", =£[2 -(=-3)Y'+ 3 (-3) }



